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into Earth orbit is independent of launch vehicle size and
equals the cost of every 4 kw installed into an electric upper
stage, also independent of size. It is important to realize
that neither payload cost nor the cost of an electric stage can
be expected to be independent of size; the results obtained by
means of this simplification can therefore not be of general
validity. However, this simple-minded assumption will be
found of considerable help in illustrating the method. A
circular orbit around Jupiter with an altitude of 20 planetary
radii is to be established. Under these conditions, the dia-
gram shown in Fig. 4 may be constructed. As in the previous
figures, the payload is plotted along the ordinate whereas the
initial mass capability of the ballistic system is plotted
along the bottom abscissa. In order to obtain the per-
formance boundary for systems of equal cost, rather than
systems of equal initial mass, the horizontal scale at the top
of the diagram, which is determined by the tradeoff ratio, has
been used for the performance of the hybrid vehicles. Under
these conditions, along any vertical line ballistic and hybrid
systems exhibit the same recurrent cost. For the hypotheti-
cal cost assumptions used in this Note, a hybrid system
which equals the cost of a ballistic system must be based on a
launch vehicle whose initial mass capability is approximately
48% of the initial mass capability of the ballistic counterpart,
i.e., the tradeoff ratio is 0.48. Comparing Fig. 4 to Fig. 1, it
becomes evident that the equal performance boundary has
been modified by the inclusion of the equal cost groundrule.
Specifically, the area of ballistic superior performance has
been enlarged in such a way as to roughly double the magni-
tude of the payload maximum. The shaded line indicates
the physical limit of capability for the ballistic system. Be-
low this line, the ballistic system is capable of performing the
mission but, outside the area B, requires more trip time than
the hybrid system. To further aid in the comparison, the
hybrid performance lines for the longest (1000 days) and
shortest (600 days) ballistic trip times are also shown in the
diagram as broken lines inside H, the area of superior hybrid
performance.

Concluding Remarks
A method has been developed which allows one to compare

the performances of space propulsion systems of widely differ-
ing characteristics. Biased comparisons can be avoided by
systematically arranging and selecting the groundrules of the
comparison before they are fed into the analysis. Meaning-
ful results can be obtained in, spite of the large range of uncer-
tainties attached to some of the performance parameters by
adopting the use of scaling laws which reflect major trends or
other relationships of interest rather than scattered perform-
ance estimates. This Note has intentionally been limited to
a description of the method. Quantitative conclusions may
be obtained by exercising the use of realistic performance and
cost inputs whenever available.
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Solubilities of Gases in Simple and
Complex Propellants

E. T. CHANG,* N. A. GOKCEN,* AND T. M. POSTON*
Aerospace Corporation, El Segundo, Calif.

Nomenclature
A = constant defined by A#°/4.5756, see A(?°
B = constant defined by A/S°/4.5756, see A£°
e/k — force constant in °K for gases obtained from an

equation such as Lennard-Jones equation for
potential energy vs intermolecular distance, and
from the second virial coefficient

A(r0 = change in standard Gibbs energy, A(r° = A#° —
TAS°, cal/mole

A#° = change in standard enthalpy in calories per mole for
dissolution process

i — solute, a sparingly dissolved gas in this Note
j = solvent, a propellant in this Note
Ki = equilibrium constant; mole fraction of solute i

divided by its partial pressure Pi in atmospheres
over solution

-KXppm) = concentration, ppm, of i in solution divided by its
partial pressure Pi, atm, over solution

n = number of moles
P = pressure, atm
ppm = parts per million of concentration in weight
R = ideal gas constant; 0.0820537 liter-atm/°K-mole

in PV = RT, and 1.987165 cal/°K-mole in A#° =
-RTluKi

A$° = change in standard entropy in calories/mole/°K
T = temperature, °K
V — volume, liter
Xi = mole fraction of i] for simple propellants in this

paper Xi + Xj = 1
Z = compressibility factor, dimensionless

Introduction

LIQUID propellants are pressurized with gases for two
main reasons: 1) to provide a protective blanket for the

propellants, and 2) to eject the propellants from their con-
tainers in the space vehicles. This process eliminates the
use of heavy pumps and increases the payload. The gases
used for pressurization dissolve to various extents1"3 and
cause pressure decay in the containers. The pumps and the
Venturis desorb the gases in solution in the form of small
bubbles and cause undesirable hydrodynamic effects. A
knowledge of the solubilities of gases in liquid propellants is
therefore very useful.

Experimental Procedure

The apparatus for solubility measurements, shown in Fig.
1, was all Pyrex glass construction with short capillary con-
necting tubes joined by fusion. Two capillary stopcocks
A and B were sparingly lubricated with silicone grease.
Three volumes C, D, and E, calibrated to ±0.0003 mliter,
were interconnected with short capillary necks, each with a
calibration mark. These volumes were immersed in a
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Fig. 1 Apparatus.

thermostat whose temperature was very nearly the same as
the thermostated room where the apparatus was located.
A precision manometer F, accurate to ±0.01 mm, was read
with a microslide cathetometer. The volume of a gas in the
calibrated volumes C, D, and E, was changed either by ad-
justing the vertical position of a levelling bulb G rilled with
mercury and attached to E with a reinforced flexible tygon
tubing, or by pressurizing G with a compressed gas con-
nected to the stopcock above G. The propellant bulb H was
of 3-in. o.d. and 1 in. high with a capacity of about 100 mliter;
it was calibrated with an accuracy of ±0.0002 mliter by using
water or mercury. The bulb H was designed to have about
5 mliter space, or ullage, above the fully exposed liquid sur-
face. A glass enclosed magnet bar I, activated with an
externally rotating magnetic field at 200 rpm was used for
stirring the propellant in H. A short capillary connector
J with a specially designed 0-ring joint K was attached to
H. A second 0-ring joint L was used for attaching the con-
nector I to the rest of the apparatus. The volume of con-
nector I, above and below the stopcock A, was calibrated
by mercury displacement. All the interconnecting capillary
volumes and the volume above the mercury in the manometer
were calibrated to ±0.0003 mliter accuracy by using nitrogen
at two pressures. The propellant bulb H was immersed in a
thermostat controlled to ±0.01 °C. The atmospheric pres-
sure was read with a special barometer accurate to ±0.02 mm.

The measurements of gas solubility were made as follows.
The bulb and the connector were assembled and evacuated,
the stopcock A was closed, the connector-bulb assembly was
detached at L from the apparatus and weighed on an an-
alytical balance. If a simple propellant or a simple binary

38 40
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or ternary mixture was to be used in the experiment, it was
distilled into the bulb and then the connector-bulb assembly
was reweighed to obtain the weight of the propellant. If the
propellant was complex, such as a ramjet fuel, or the fuming
nitric acid, it was placed directly into the bulb with a syringe
and degassed at sufficiently low temperatures to prevent a
loss of weight more than 0.1 gram in order to preserve the
composition of propellant. The calibrated volumes and
connections were evacuated and thoroughly flushed with
the desired gas by using the stopcock B, after the bulb-
connector assembly was attached to the apparatus. The
bulb was immersed into the thermostat to start the measure-
ments. The gas whose solubility was to be measured was
admitted into the calibrated volumes through B and its
amount was obtained by measuring P, V, and T and by
using the gas law PV = nZRT. The gas was forced over
the propellant by using the levelling bulb after opening the
stopcock A on the connector. The dissolution process re-
quires less than 10 min when the propellant was vigorously
stirred with the magnet bar, but 40 min were allowed to
assure that there was no further changes in pressure readings.
The measurements of P, V, T of the gas above the propellant,
and P, V, T of the remaining gas beyond the stopcock A
in the connector after A had been turned off and the gas had
been expanded or compressed to a convenient calibration
point, yielded the remaining or undissolved gas. The dis-
solved gas was the difference between the initially admitted
gas and the remaining gas. The calculation of remaining gas
over the propellant required highly precise measurements of
the vapor pressure of each propellant4 and its density5 in a
separate apparatus.

The accuracy of experimental procedure was checked by
measuring the solubility of nitrogen in water. The results
agreed within 2% of the well-established available data.6

Results

The solubility in terms of the concentration of a dissolved
gas i, e.g., in mole fraction X*, is proportional to the partial
pressure P» in accordance with Henry's law. This can be
demonstrated either by plotting X* vs Pi or by the con-
stancy of the equilibrium constant Kl = Xi/Pi for the fol-

Table 1 Solubilities of gases in propellants. Values
of A and B for Eq. (5) and atmospheric solubilities

at 0° and 25°C

Gas Propellant
Solubility at 1 atm

ppm, 0°C ppm, 25°C

He
N2
02
Ar
N203
He
N2
Ar
He
N2
Ar
He
N2
Ar
He
N2
Ar
He
N2
Ar
He
Nz
C02
N2
He

N204
N2O4
N204
N204
N204
N2H4
N2H4
N2H4
MH&
MH
MH
SDMH&
SDMH
SDMH
UDMH&
UDMH
UDMH
Aerozine-50&

Aerozine-50
Aerozine-50
IRFNA
IRFNA
IRFNAC

RJ-1
RJ-lc

-521
-153
-145
-104

+ 1978
-275
-516
-446
-393
-245
-142
-544
-284
-157
-461
-175
-52

-443
-257
-169
-232

-1364
+ 787
-56

-216

2.3874
2.8194
3.0367
2.9757

-0.3707
0.7387
2.5322
2.6841
1 . 6586
2.5691
2.6664
3.1409
3.8088
3.8448
2.3410
2.8275
2.8351
1.8319
2.5130
2.6365
0.7121
6.3730
1.241
2.3445
1.215

3.0
182
320
394

74.300"
0.54
4.4

11.3
1.6s

47
140
14.1

587
1856

4.5
154
440

1.62
37

104
0.73

24.0
1.33 X 104

138
2.7

4.3
203
355
424

62,600«
0.6e
6.3

15.4
2.1s

56
155
20.7

718
2075

6.2
174
456

2.22
45

117
0.8e

62.8
7.60 X 10*

144
3.1

Fig. 2 Solubilities of gases in RJ-1 and IRFNA as func-
tions of temperature.

a Since the boiling point of N2Os is about +3.5°C, the solubility for N2Os
has been calculated at 0.01 atm where it should obey Henry's law. All
other values refer to 1 atm.

6 MH = methyl hydrazine; SDMH = symmetrical dimethyl hydrazine;
UDMH = unsymmetrical dimethyl hydrazine; Aerozine-50 = 50/50
mixture of N2H4 and UDMH.

c Estimated closely by using available data for other similar systems.
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lowing reaction:

gas i = dissolved i (1)
The dissolved i is called the solute, and the propellant j, the
solvent. The calculation of Xi requires molecular composi-
tion of the liquid which is not always simple for substances
such as kerosene, but the composition in weight percentage
(%) or in ppm poses no particular difficulty. Further, %
or ppm are related to the mole fraction by a simple factor

(IWMi/M^Xi = (%i), 1 ppm = 0.0001% (2)

where Mi and Mj are the molecular weights of i and j, re-
spectively. Hence, the equilibrium constant Ki (ppm) in
terms of ppm is given by

= (ppmO/P (3)

Thus Henry's law is obeyed for dilute solutions irrespective
of the units used in expressing the concentration of a dissolved
gas.

The equilibrium constant Ki(ppm) for reaction (1) is re-
lated to the change in standard Gibbs energy (formerly
called the Gibbs free energy) by the well-known thermo-
dynamic relation7

AG?(ppm) = AH? - TASi° = -RT ln£,-(ppm) (4)

where AH? is the standard enthalpy change and AS? is the
standard entropy change, both of which are virtually inde-
pendent of temperature in the usual limited range of interest.
The difference between AG? for ppm and Aft0 for Xi appears
as a constant term in AS0. A plot of log Ki vs l/T gives a
linear correlation of data represented by

A/T + B (5)
where A = - A#°/4.5756 and B = AS°/4.5756.

The composition of inhibited red fuming nitric acid
(IRFNA) is about 84% HN03, 14% N204, and the balance
is equally divided between H20 and HF. The composition
of RJ-1 (kerosene rocket fuel) varies only slightly from one
supplier to another over several years as judged from very
small variations in highly precise data on the density of
several batches. The data on solubilities are summarized
in Table 1. The logarithm of the average value of Ki (ppm),
which is also the atmospheric solubility for N2 and He in
IRFNA, and N2 in RJ-1, are plotted vs l/T in Fig. 2. The
linear plots represent Aft0 (ppm) = — RTlnKi(ppm) for each
gas, i.e.,

AGHe°(ppm, IRFNA) = 1060 - 3.26T (6)

A£N2(ppm, IRFNA) = 6240 - 29.16T (7)

AGWppm, RJ-1) = 256 - 10.7377 (8)

The validity of Henry's law is shown clearly in Fig. 3 where
it is evident that the concentration of N2 varies linearly with
the pressure of N2 and the slope of the line is simply KN2
(ppm, RJ-1) at 35°C.

Estimation of Solubilities

We have estimated the solubilities of C02 in IRFNA and
He in RJ-1 by using the method of Hildebrand and Scott.8
For this purpose we have used the compiled solubility
data6'10 for similar systems and e/k for each gas from Hirsch-
felder, Curtiss, and Bird.9 The values of e/k, the force
constants in °K, were obtained9 by using the second virial
coefficient for gases and a potential function such as the
Lennard-Jones potential, which gives the potential energy
as a function of distance of approach between two molecules.
When log Ki is plotted vs e/k, a straight line is obtained for
each liquid solvent at a chosen temperature. To obtain the

PRES..ATM.

Fig. 3 Solubility of nitrogen in RJ-1 at 35°C.

solubility of C02 in IRFNA, logK; (ppm) at 25°C for He
and C02 in liquid N204, and N2 and C02 in acetic acid were
plotted, and the straight lines for the two solvents were
drawn. The point for He in IRFNA was plotted and a line
passing through this point was drawn so that it was propor-
tionally distant from the two previous lines at increasing
values of e/k. The point on the line for IRFNA at e/k for
C02 gave Iog#co2 (ppm, IRFNA) at 25°C. This procedure
was repeated at 0°C to obtain logKCo2 (ppm, IRFNA) at
0°C. The substitution of the values of Iog&co2 (ppm,
IRFNA) in A£° = -RT ln£,- = A#° - TAS° gave two
simultaneous equations for obtaining AH° and AS0. The
result is

A£Co2°(ppm, IRFNA) = -3600 -5.68T7 (9)
The solubility of He in RJ-1 was estimated in the same

manner by using the compiled data6'10 for He and N2 in hex-
ane, He and N2 in benzene, and H2 and 02 in kerosene and
comparing the results with our data for N2 in RJ-1. The
resulting relationship is

AGHe°(ppm, RJ-1) = 990 -5.56T (10)
The values of atmospheric solubility from Eqs. (9) and (10)
are listed in Table 1.

The equilibrium concentrations of dissolved gases in this
Note are useful in obtaining the maximum amounts of gases
dissolved when the propellant is pressurized. In actual
practice the attainment of equilibrium takes a fairly long
time under static conditions. For example it was shown by
the authors11 that the rate of dissolution of N2 in liquid N204
varies exponentially with time. Mechanical agitation of the
liquid increases the rate of solution of gases by several orders
of magnitude. It is usually preferable to select a pressuriza-
tion gas that is the least soluble in a given propellant. The
results summarized in Table 1 show that helium should be
used for pressurization in all cases when it is economically
feasible.
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Graphically Determining Sounding
Rocket Vehicle Attitudes

CHARLES F. MILLER JR.*
Goddard Space Flight Center, Greenbelt, Md.

COORDINATES used to determine the attitude of a
sounding rocket vehicle are commonly derived from the

solar or lunar aspect angle, designated a, in association with
the magnetic aspect angle, designated 6, which is the angle of
the rocket's longitudinal axis with respect to the local mag-
netic field vector. On sounding rockets, optical sensors
measure a once each spin cycle, and a flux-gate magnetometer
measures 6. The angle between a and 0, designated the
phase angle <£, is measurable from telemetry records.. Sun
and magnetic south point positions are plotted; then a and
6 are used to determine the azimuth and zenith distance of
the rocket's longitudinal axis. When the time sequence of
rocket positions in flight has been plotted, the momentum
vector can be determined. With any known rocket position,

Fig. I Aspect-angle protractors aligned with sun and
magnetic south point, and generating phase angle at the

rocket.

any other portion of the sky can be mapped for that orienta-
tion, using coordinate transformation.

Figure 1 depicts the three-dimensional parameters. The
altitude A of the rocket is the number of degrees (0-90) on the
vertical circle from the horizon to the axis of the rocket.
The zenith distance is the angle between the zenith Z, di-
rectly over the center of gravity of the rocket, and the longi-
tudinal axis of the vehicle. The zenith distance is the
complement of the altitude and, in this discussion, is repre-
sented by the arc at a fixed radius from the origin. The
sky is represented by a spherical shell on which lines of alti-
tude and azimuth are plotted every 10°. The rocket's
attitude is the combination of its altitude and its azimuth.
On this shell, the position of the vehicle's nose, or the posi-
tion of any celestial body, can be plotted. The rocket's
center of mass locates the center of the base of the plastic
hemisphere; from that point a, 6, and <£ are measured. In
Fig. 1, a hinged protractor, concentric with the rocket's
center of mass, is situated with the hinge aligned with the
rocket's longitudinal axis, one leg in the plane of the incident
sunlight, and the other in the plane of the magnetic flux
vector, i.e., over the south magnetic point. The phase
angle <£ can be measured between the protractor's two halves
and can be seen to be the dihedral angle between two planes,
one made by the angle of the sun's rays with the rocket's
longitudinal axis and the other made by the angle of the
local magnetic flux vector with that axis.

Figure 2 is a zenith view of the same situation, with black
arcs defining a and 6. From the magnetic south point to
the sun, a black arc completes the spherical triangle used to
determine the zenith distance and azimuth of the vehicle's
nose. As a step toward reducing the three-dimensional
system to two dimensions, Fig. 2 was taken directly over the
zenith. Thus, the view represents the projection of the
horizon system down to the plane of the horizon. The
altitude is a cosine function of the radius from Z, thus the
first 15° of altitude are hardly separable in the photograph.

Reduction to Polar Coordinates

To transform spherical parameters to two coordinates, a
plot is made on polar graph paper of the sky from the horizon
to the zenith. In Fig. 3, such a plot has been made of the
situation depicted in Fig. 2. In Fig. 3, any radius is an azi-
muth angle R with reference to north, and increments along
a chosen radius mark either the altitude or its complement,
the zenith distance. The time, latitude ft, and longitude
X of the rocket flight are required for the location of the sun
on polar graph paper. For Nike-Apache shots, an average
solar position is within the required accuracy, but for longer
and higher flights, the trajectory should be divided into parts,
and each successive time interval should specify ft and X to
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